Computing Global System Matrices

» two approaches:

» global approach (integrate over whole domain)
> local/element approach (sum element contributions)

Example: compute the global stiffness matrix K

» entries of the stiffness matrix:

b
Ky = / NN/ dx
a



Diagonal Entry: K33 = fab NN dx
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Diagonal Entry: K33 = fab NN dx
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Diagonal Entry: K f NN dx
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Diagonal Entry: K f NN dx
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» elements 2 and 3 are involved



Off-Diagonal Entry: Ky, = [ N;Njdx
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Off-Diagonal Entry: Ky, = [ N;Njdx
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Off-Diagonal Entry: Ky, = [ N;Njdx
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Off-Diagonal Entry: Ky, = [ N;Njdx
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» element 3 is involved



Stiffness Matrix: = fab N,(/\dex

» in general:

> K # 0 only where N; and N; overlap
» leads to sparse matrices




Element Stiffness Matrix

> issues with global approach:

» N/ is not continuous at the element boundaries
» we have to differentiate and integrate piecewise
» N; needs to be defined per element
» complicated for 2D and 3D
> preferably use reference element (later exercise class)



Element Stiffness Matrix

> issues with global approach:

» N/ is not continuous at the element boundaries
» we have to differentiate and integrate piecewise
» N; needs to be defined per element

» complicated for 2D and 3D
> preferably use reference element (later exercise class)

» solution: compute entries element-wise
» split the integral into element contributions

KU:/N{Ndex:Z/ N/ Njdx
Q e Qe
———

e
ki

» k7 is calculated only on each element domain Qe
» N;, N; are continuously differentiable functions on Q.
» mapping between element and reference element possible



Reduced Element Stiffness Matrix

Element 2

. > element domain Q. = [x;, x,]:
> Ni(x) = (x = x)/h
] > N5(x) = (x — x)/h

» where h = x, — x; (element size)
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» for each element e, k,fj- has only 4 non-zero entries.
» reduce to a 2 X 2—matrix with elements

Xr
e __ el pre’
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> assemble: add kS, to the correct Kj;



Assembling Procedure

1. initialize K =0 of size N x N
2. for each element e

2.1 compute: k® = [kS,] of size 2 x 2
2.2 map: (a,b) — (i,))
2.3 add: Kj = Ky + k&,

» the map (a, b) — (i,j) is given by mesh.nodes0OfElem



Assembling Procedure

1. initialize K =0 of size N x N
2. for each element e

2.1 compute: k® = [kS,] of size 2 x 2
2.2 map: (a,b) — (i,))
2.3 add: Kj = Ky + k&,

» the map (a, b) — (i,j) is given by mesh.nodes0OfElem

Example: assemble element 2 into global 4 x 4—matrix

> get indices of global matrix: ij = mesh.nodesOfElem(2,:)
> vyields ij = [2, 3] (elem. 2 is connected to node 2 and 3)

> add Kj; = Kj; + k2, (superscript 2: second element) as:

K11 K12 K13 Kia
K1 Koo + k%l Koz + k%2 Koa
K1 Kso+ k3 Kiz+k3, Kaa
Ka1 Ko Ks3 Kaa



