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Exercise sheet 3: FE calculus — solving simple linear systems

Solve the boundary value problems (BVPs) given below using FE-calculus.

General Remarks

e We denote with u(x) the dependent variable, while x,y, z denote the independent variables
and u/(z) is the derivative with respect to .

Assume u(z) and z to be normalized (no unit).

Solve the 1D-problem on the domain 2 = [0, 2].

Use only two elements of length 1.

Use linear shape functions, i.e.,

1—z forzel0,1]
Mile) = {0 else

x for z € [0,1]
No(z)=q2—2 forxell,2]

0 else

x—1 foraxell,2]
Ns(2) = {0 else

e For the Galerkin discretization: use v"(z) as test function and u”(z) as trial function.

Exercises

Problem 1: solve
PDE : u"(z) 4+ 6u(x) =2 for ze€Q=]0,2] (1a)
BCs:u(0) =1, u(2) =2 (1b)
by incorporating the BCs directly, i.e., use the ansatz
u"(z) = Ni(2)u(0) + No(x)uz + N3(z)u(2)
v"(z) = Na(z)vy .
Problem 2: solve the BVP (1) but do not consider the BCs directly. Instead, use the ansatz
ul(x) = Ny(x)uy + No(x)ug + Na(z)us
v (z) = Ni(z)vy + No(z)vg + Na(x)vs .
Subsequently, apply the elimination approach to impose the Dirichlet BCs.

Problem 3: solve again the same BVP (1). This time use linear reference elements instead of the
global hat functions N;(x). Compute first the element matrices/vectors, then assemble them
into the global ones. Incorporate the Dirichlet BCs by applying the elimination approach and
solve the reduced system.
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