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Exercise sheet 2: Derivation of linear systems

General Remarks

• We denote with u(x) the dependent variable, while x, y, z denote the independent variables.
u′(x) is the derivative with respect to x.

• Assume u(x) and x to be normalized (no unit).

• Use N nodes for the derivations (N-1 elements).

• Denote the shape functions with Ni and Nj .

• vi and uj shall represent the nodal values vh(xi) and uh(xj), respectively.

Exercises

Problem 1: Let the weak formulation be given as

weak :

∫ b

a

v′u′ + cvu′ dx =

∫ b

a

vf dx on x ∈ Ω = [a, b] (1a)

DBCs : u(a) = ga, u(b) = gb . (1b)

Derive the discrete Galerkin formulation by using the following Finite Element approximation:

v(x) ≈ vh(x) =

N−1∑
i=2

Ni(x)vi , u(x) ≈ uh(x) =

N−1∑
j=2

Nj(x)uj + N1(x)ga + NN (x)gb .

This is done by putting vh and uh into the weak form (1) and resorting the terms to obtain a
system of N − 2 linear equations of the form

N−1∑
j=2

Sijuj = fi − Si1ga − SiNgb ∀i ∈ [2, N − 1] ⊂ Z .

Write down the resulting expressions for the system matrix Sij , the excitation vector fi and
the Dirichlet contributions Si1 and SiN .

Problem 2: Let the weak formulation be given as

weak :

∫ b

a

v′u′ dx =

∫ b

a

vf dx + v(b)hb on x ∈ Ω = [a, b] (2a)

DBC : u(a) = ga . (2b)

Derive the discrete Galerkin formulation by using the following Finite Element approximation:

v(x) ≈ vh(x) =

N∑
i=2

Ni(x)vi , u(x) ≈ uh(x) =

N∑
j=2

Nj(x)uj + N1(x)ga .

This is done by putting vh and uh into the weak form (2) and resorting the terms to obtain a
system of N − 1 linear equations of the form

N∑
j=2

Sijuj = fi − Si1ga ∀i ∈ [2, N ] ⊂ Z .

Write down the resulting expressions for the system matrix Sij , the excitation vector fi and
the Dirichlet contribution Si1.
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