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ABSTRACT:
The impact of a chromium (Cr) coating on the elastic guided waves propagating in zirconium alloy (called M5

Framatome and referred to as M5 hereafter) nuclear cladding tubes is studied both theoretically and experimentally.

Longitudinal modes are measured on different 9.5mm–diameter tubes by a non-contact laser ultrasonic technique.

These modes are calculated using the M5 elastic constants determined from x-ray diffraction measurements. Since

Cr has a much higher shear wave velocity than the M5 alloy, the dispersion of observed guided modes is significantly

modified by the coating. In the mid-frequency range, characterized by shear wavelengths on the order of the tube

thickness, the second longitudinal mode appears to be particularly sensitive to the coating. In a higher frequency

range, it is observed that modes are well measured in a frequency-wavenumber domain corresponding to the leaky

surface wave of a Cr coated infinite M5 substrate. A simple but effective model predicts the observability of each

mode, in good qualitative agreement with experimental observations.VC 2026 Acoustical Society of America.
https://doi.org/10.1121/10.0042186
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I. INTRODUCTION

Safety is essential to the operation of nuclear facilities.

It is of utmost importance to avoid all possible causes of

damage to power plant components and particularly to fuel

cladding tubes. The metal cladding surrounding the fuel

must resist to the high mechanical, thermal, and neutronic

stresses it encounters in the reactor core. Nuclear fuel devel-

opers have opted for zirconium alloys for cladding enriched

uranium oxide pellets, as this material offers good mechani-

cal and thermal strength, as well as a very small cross sec-

tional area for absorbing thermal neutrons in pressurized

water or boiling water reactors. To improve the mechanical

properties of cladding tubes, a zirconium alloy called M5

Framatome (referred to as M5 hereafter) was introduced by

Framatome in the 1990s. This alloy, containing niobium and

various other additives, such as oxygen and iron, was also

created to increase the resistance to high-temperature water

corrosion and reduce the absorption of hydrogen chemically

associated with the zirconium in the cladding.

These 4m-long cladding tubes, with a nominal wall

thickness of 570lm and a nominal external diameter of

9.5mm, have been shown to be much more resistant to oxida-

tion when coated with a 10–20lm-thick layer of chromium

(Cr) on their outer surface,1 both under nominal reactor oper-

ating conditions and in hypothetical accident situations. In

addition to improved resistance to oxidation, it appears that

this Cr coating protects the cladding from diffusion of oxygen

within the underlying M5 substrate. Exposing the Cr/M5

bilayer to 1100 �C steam for 12 000 s revealed very low oxi-

dation kinetics.2,3 Before being put into service, this Cr layer

requires non-destructive characterization, especially in terms

of thickness and uniformity of the coating. The most used

non-destructive techniques are eddy current and ultrasound.

However, ultrasound techniques are preferred because eddy

current techniques do not provide local measurements. In

conventional ultrasonic techniques, the generation and the

detection are generally achieved with piezoelectric trans-

ducers, which requires fluid coupling. One solution to avoid

this problem is to use non-contact laser ultrasonic (LUS) tech-

niques, which also provide the advantage of a broad band-

width. LUS techniques have been used by Yeh and Yang4

and Liu and Yang5 to characterize isotropic zirconium alloy

ZR –4 cladding tubes. They measured axial and circumferen-

tial guided waves to evaluate the tube average thickness and

elastic moduli and also assess the effect of hydrogen charg-

ing. In parallel, C�es et al.6 observed zero group velocity

Lamb mode resonances, generated by laser line sources of

different orientations in similar tubes. These measurements

provided a local estimation of the thickness and revealed the

elastic anisotropy of the ZR –4 alloy. The elastic constants of

this material were evaluated assuming transverse isotropy.

These two studies demonstrated the value of LUS for assess-

ing the elastic properties of cladding tubes.

In this paper, we study the impact of a Cr coating on the

elastic guided waves propagating in M5 cladding tubes.a)Email: hafsa.diboune@espci.fr
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Modes with energy concentrated near the outer surface are

expected to be the most sensitive to the coating. Surface

waves propagating in a layer deposited on a semi-infinite

substrate has been the object of extensive studies more than

50 years ago.7,8 Two cases are often distinguished: “slow-

on-fast” (or “loading”) and “fast-on-slow” (or “stiffening”),

depending on whether the shear velocity of the coating is

much smaller than the shear velocity of the substrate, and

vice versa. The dispersion of waves of both cases was mea-

sured using the angle-dependent acoustic reflectivity of

water-embedded coated substrates.9

Later on, it was shown that LUS techniques are well

suited to study these waves, and many experimental results

have been reported in the literature. The dispersion of

pseudo-surface waves was measured on a coated semi-

infinite substrate being either isotropic10,11 or anisotropic.12

This dispersion can be exploited to evaluate properties of

the coating, such as thickness or bulk velocities. For exam-

ple, Bescond et al.13 proposed in situ simultaneous measure-

ment of thickness, elastic moduli, and density of thermal

sprayed tungsten carbide-cobalt (WC-Co) alloy coating on

steel, while Jenot et al.14 controlled gold coatings on silicon

wafers. These two studies investigate the slow-on-fast case,

where the surface wave velocity decays from the Rayleigh

velocity of the substrate to the Rayleigh velocity of the coat-

ing as frequency increases.

Fast-on-slow cases were also investigated for different

degrees of stiffening using laser generation. Schneider

et al.,15 for instance, focused on the control of titanium

nitride (TiN) coated steel. They have also measured the dis-

persion of surface acoustic waves to determine the Young’s

modulus of thin films (< 50 nm) and multilayer materials

[diamond-like carbon and aluminum on steel and (100) sili-

con].16 Watzl et al.17 proposed a single-shot measurement

of the surface wave to characterize a bilayer aluminum alloy

plate and they have also investigated a highly dissipative

copper-clad epoxy laminate.

In this contribution, we investigate the mode repulsion

phenomena induced by the “strong stiffening” of the Cr

coating on a finite M5 substrate. We determine which

modes are both sensitive to the coating and well observed

by LUS technique. To this end, we use a simple yet effec-

tive model together with experimental validations. In

Sec. II, we first propose a full evaluation of the M5 effec-

tive elastic parameters that will then be used for the mode-

lization. In Sec. III, surface waves propagating along a Cr

coating on an infinite M5 substrate are described. Then, we

investigate the variations induced by the Cr layer on the

second longitudinal mode. The link with surface modes in

the case of an infinite substrate is discussed. Section IV is

dedicated to the study of longitudinal modes in tubes. We

first propose a simplified model to determine which modes

are best measured by the LUS. The relation between these

measured modes and the leaky surface modes for a coated

semi-infinite substrate is then highlighted. Experimental

dispersion curves and their dependence on the coating

thickness are finally presented.

II. M5 EFFECTIVE ELASTIC PARAMETERS

To characterize the Cr layer with guided waves, it is

first necessary to evaluate the elastic properties of the M5

substrate. To this end, the grain orientation distribution is

measured by x-ray diffractometry and the effective M5 elas-

tic tensor is estimated by homogenization. Guided waves

are then measured with a LUS setup and their dispersion

curves are compared to the theoretical ones calculated with

the open-source software GEWtool18 using the previously

estimated stiffness tensor.

A. X-ray diffractometry to estimate the M5 elastic
tensor

The x-ray diffractometry technique is based on the

interaction of x rays with the atomic lattice of a crystal. The

x rays reflecting of two different crystal planes must inter-

fere constructively to form a maximum of intensity.19 This

measurement provides the orientation distribution function

(ODF) defined as the fraction of grains with a particular

orientation.20

The effective elastic constants of the M5 polycrystal are

obtained from those of the zirconium single crystal21 and

the ODF (cladding sample). Using crystal lattice orienta-

tions g, the ODF f ðgÞ is generally expressed, in the form of

the Euler angles u1, U, and u2. For a microstructure con-

taining grains with different orientations, the ODF is defined

by the following formula:

dV

V
¼ f ðgÞ dg with dg ¼ 1

8p2
sinU du1 dU du2; (1)

ð
f ðgÞ dg ¼ 1; (2)

where V is the volume of the sample and dV is the volume

of crystallites with the orientation g within the angular ele-

ment dg. To calculate the elasticity tensor from the ODF,

the relations proposed for hexagonal materials by Li and

Thompson22 were used, here extended to non-orthotropic

materials. This calculation relies on the well-known Voigt

and Reuss approximations, which provide the upper and

lower bounds of the elastic properties.23 The effective elas-

tic tensor obtained from these approximations is given in

Table I in Appendix A. The relative distance between the

Reuss and Voigt tensors jjCR � CV jj=jjCV jj, where jjjj is the
Frobenius norm, is less than 1%, meaning that these tensors

are very close. In the following, we choose to use the arith-

metic average of the Voigt and Reuss approximations,

called the Hill approximation, which has often been shown

to be very close to the experimental values.24

The elastic anisotropy of the M5 alloy can be quantified

using the universal elastic anisotropy index AU introduced

by Ranganathan and Ostoja-Starzewski in 2008.25 Unlike

the Zener index defined for cubic materials only, this index

applies to any type of anisotropy. It is equal to zero for iso-

tropic media and can reach the value of 9 for highly aniso-

tropic crystals and even 15 for composites. For the M5
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alloy, it is AU ¼ 0:009, which corresponds to a weak anisot-

ropy. However, considering all propagation directions, the

minimal and maximal shear wave velocities are, respec-

tively, 2290 and 2412.3m/s (obtained with an M5 density

q ¼ 6650 kg/m3). This 5% variation has an impact on the

measured guided waves and needs to be taken into account

in the model.

B. Guided wave measurements with laser ultrasound

Elastic guided waves are measured along the tube using

a LUS setup (Fig. 1). Their generation is achieved with an

neodymium-doped yttrium aluminum garnet (Nd:YAG)

pulsed laser with a pulse duration of � 8 ns, providing a

wide bandwidth. The laser beam is focused on a line source

using a cylindrical lens with 100mm focal length. The line-

width, measured using the knife-edge technique and assum-

ing a Gaussian profile, is equal to 200 lm at 1/e. The

deposited energy (E¼ 3mJ per pulse) is kept below the

melting threshold of the material in order to be non-

destructive. The out-of-plane displacement is measured with

a homodyne interferometer. Exploiting the reciprocity prin-

ciple, the wavefield uðz; tÞ is recorded by scanning the

source along the tube axis ez over 20mm with a 20 lm pitch

and a 25 ls acquisition duration [Fig. 2(a)].

The dispersion curves Uðk;xÞ are obtained by a spatio-

temporal Fourier transform of the displacement field uðz; tÞ
after spatial apodization with a Blackman window. As

observed in Fig. 2(b), several modes are well measured. The

slowest mode at the bottom right corner is the pressure wave

propagating at the speed of sound and is due to the heating

of the air caused by the laser impact. The other modes are

the (quasi)longitudinal modes, denoted Ln, with n being the

mode order, as already observed by C�es et al.6 The line

source favors these modes that are analogous to Lamb

waves in plates as the ratio between the tube’s thickness and

diameter is small (0.570/9.5 � 1). Note that the anisotropy

of the material couples the longitudinal modes Ln to the tor-

sional modes Tn but we neglect this effect because it is very
small (see Appendix B). Considering that the line source,

about 8mm long, covers slightly more than a quarter of the

tube’s circumference, it is expected that the flexural modes

Fðm; nÞ of circumferential orders m 6 2 are also generated.

As also illustrated in Appendix B, the tube wall being thin,

the dispersion curves of these modes barely differ from the

dispersion curves of longitudinal modes Ln and torsional

modes Tn (Fig. 10). For wavenumbers measured with our

setup (k P 2 rad/mm), the Fðm; nÞ modes are superimposed

on torsional and longitudinal modes. However, torsional

modes have zero out-of-plane displacements and they are

not detected by the interferometer. Therefore, the measured

modes are well described by only the longitudinal modes Ln.
Using the elastic constants determined in Sec. II, the

longitudinal modes are calculated with the GEWtool.18

This flexible open-source software implements a semi-

analytical approach, based on spectral elements,26 to effi-

ciently and reliably compute the waveguide modes.27–30 The

agreement between the theoretical and experimental curves

displayed in Fig. 2 being very good, we consider that the

FIG. 1. Laser ultrasound experimental setup.

FIG. 2. (a) B-scan of the axial guided modes displacement and (b) spatio-

temporal Fourier transform of the displacement field measured along an M5

cladding tube and theoretical dispersion curves of the Ln modes (dashed

line).
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estimation of the elastic tensor by x-ray diffractometry is

precise enough to accurately describe the elastic behavior of

the M5 alloy in the studied frequency range.

Like the A0 and S0 modes in plates, for increasing fre-

quencies, the two first longitudinal modes L1 and L2 of the

M5 tube converge toward a combination of Rayleigh surface

waves inside and outside the tube, as can be seen in Fig. 2.

In the following, we will see that the coating on the outside

of the tube suppresses this convergence to a common veloc-

ity, as it breaks the symmetry.

III. THEORYOF GUIDED MODES IN CR COATINGS

We now consider Cr coatings on the M5 substrate. The

Cr is assumed isotropic with elastic properties taken from

literature.31 The bulk wave velocities and the densities of

both materials are summarized in Table II. As the Cr shear

velocity (4005m/s) is much larger than the maximum possi-

ble shear velocity of the M5 (2412m/s), the first two longi-

tudinal modes L1 and L2 are greatly modified by the coating.

Like for Lamb waves in plates, the slowest mode L1 is

expected to converge toward the slowest surface mode

concentrated on the uncoated surface inside the tube while

the L2 mode is expected to be faster and concentrated on the

outer surface of the tube. To understand the impact of the

layer on the L2 mode, we first recall the theory of surface

waves for a fast layer deposited on a slow infinite substrate,

the so-called fast-on-slow case.

A. Chromium layer on infinite substrate

Since the pioneering studies of Tiersten7 in 1969, it is

well known that a coating modifies the surface modes of a

semi-infinite substrate in a way that mostly depends on the

frequency and on the ratio of its shear wave velocity V0
T to

that of the substrate VT .

If V0
T=VT >

ffiffiffi
2

p
, as is the case for a Cr/M5 bilayer, the

layer stiffens the substrate and increases the surface wave

velocity beyond that of the substrate alone. Furthermore, as

shown by Farnell and Adler,8 this surface wave exists only

below a given cut-off frequency. In this case, also referred

to as strong stiffening, a surface acoustic wave (SAW) prop-

agates with a velocity that increases from the Rayleigh

velocity at zero frequency to the shear velocity of the sub-

strate at the cut-off frequency. Above this cut-off frequency,

all modes are leaky and radiate energy into the substrate.

We compute the SAW and leaky modes by a semi-

analytical method, which leads to a nonlinear eigenvalue

problem. Solution methods exist only for isotropic half-

spaces and, in the following analysis, we therefore use an

isotropic M5 stiffness tensor. This tensor is obtained by

averaging the Hill M5 tensor provided in Appendix A

(Table I) uniformly over all propagation directions. The

nonlinear eigenvalue problem is then solved with a very

robust method, akin to Refs. 32 and 33, while modes are

selected as proposed in Ref. 34. The leaky wave with the

lowest radiation damping and the unattenuated SAW are

displayed in Fig. 3 (dashed lines). Our computation confirms

that the SAW velocity (green) ranges from the Rayleigh

velocity of the substrate at zero frequency to the shear

velocity of the substrate at the cut-off frequency and that

this cut-off occurs at around 23MHz for a 15 lm-thick Cr

coating. Above this frequency, only leaky modes exist. The

importance of the first leaky mode will be highlighted in

Sec. III B.

B. Cr layer on cladding tube

In the Cr coated tube, due to the finite thickness of the

substrate, the effect of the deposited layer is even more com-

plex: a coupling between the “Lamb type” guided modes

and the surface modes appears. In Fig. 3, we plotted the L1
and L2 modes for both the uncoated and the coated tubes

using the isotropic M5 stiffness tensor. We observed that the

L1 mode is only slightly modified by the coating. As

expected, for both cases, this mode converges to the

Rayleigh mode of the M5 substrate. Conversely, the L2
mode is significantly modified when the coating is present.

In the medium frequency range, from 8 to 23MHz, this

mode overlaps the SAW of the Cr coated semi-infinite M5

substrate. Consequently, in this frequency range, the mode

is similar to a surface mode and should be very sensitive to

the coating. Furthermore, for higher frequencies, its velocity

converges to the substrate shear velocity instead of the

Rayleigh wave. Above 23MHz, this mode is no longer sen-

sitive to the Cr layer thickness.

To confirm this point, we now study the dependence of

the L2 mode’s phase velocity on the thicknesses of both the

Cr and the M5 in Fig. 4. The L2 mode calculated for five

coating thicknesses dCr ranging from 5 to 30 lm with an M5

thickness of 570 lm is compared to five dM5 evolving from

550 to 590 lm with dCr ¼ 15 lm. The phase velocity of L2

FIG. 3. Phase velocity of surface and leaky waves of a 15 lm-thick Cr coat-

ing on infinite M5 substrate (dashed lines) compared to the L1 and L2 modes

in the coated (solid blue) and uncoated tube (dashed brown). All modes are

calculated using the isotropic M5 stiffness tensor.
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is very sensitive to the Cr coating thickness. For

dCr ¼ 15 lm, this sensitivity is maximal in the frequency

range of 8–20MHz, whereas it barely depends on the M5

thickness. This mode appears as an interesting candidate for

Cr thickness estimation. However, an important question is

whether this mode can always be observed with LUS. In

Sec. IVA, using a simple model, we show that, depending

on the frequency, the best observed mode is not necessarily

the L2 mode.

IV. LUS MEASUREMENTS OF LONGITUDINAL MODES

The guided modes that are well measured depend on

the chosen experimental technique. Laser generation of elas-

tic waves by thermoelastic expansion of metals was mod-

eled in detail in Refs. 35–38. In Sec. IVA, a simplified

model to describe the measurement of guided modes

achieved with our experimental setup is presented.

A. Theoretical observability

We define the observability O of a mode as the com-

bined efficiency of excitation and detection. The laser

source is focused onto a finite line along the tube’s circum-

ference and operates in the thermoelastic regime. The pulse

leads to a sudden thermal expansion that remains for a long

time due to the relatively slow thermal diffusion process.

As the laser absorption length is only a few nanometers

in depth, the source is concentrated at the surface.

Furthermore, as the line source is thin, the shear stress com-

ponent srz is dominant.39 Concerning the detection, the laser

interferometer is sensitive to the normal surface displacement.

Under these conditions, we demonstrate in Appendix C that

the wave’s observability can be inferred from the modal solu-

tions (u, k, x). In the case of axial waves in a tube, this observ-
ability follows:

O ¼ jkj
4P

juzðroÞj jurðroÞj; (3)

where P is the total average power flux, ro is the outer radius
of the tube, and uz and ur are the mode’s axial and radial dis-

placement components, respectively.

The observabilities calculated for M5 tubes coated by a

15 lm or by a 31 lm-thick Cr layer are represented in Figs.

5(a) and 5(b), respectively. They confirm that the L1 mode is

not observed at high wavenumbers, as it becomes a

Rayleigh wave on the inner surface of the tube. The observ-

ability of the L2 mode is strongly diminished above 20MHz

while its phase velocity converges to the M5 shear velocity.

Above a given frequency, higher-order modes are better

observed than the L2 mode. This effect can be understood

by referring to the leaky mode of a similar Cr layer depos-

ited on a semi-infinite M5 substrate. Indeed, as can be

observed in the phase velocity curves displayed in Fig. 6,

the region where higher-order modes of the finite bilayer

have a high observability follows the dispersion curve of the

leaky mode (dashed magenta line) in the infinite bilayer.

To illustrate this observability issue, it is instructive to

compare the displacement profiles of the modes. The axial

FIG. 4. Phase velocity of the L2 mode for different M5 (dashed lines) sub-

strate thicknesses (with dCr¼ 15lm) and different Cr thicknesses (solid

lines) with dM5¼ 570lm.

FIG. 5. Observability of the longitudinal modes for (a) 15 lm-thick and

(b) 31lm-thick Cr coatings. The shear and Rayleigh waves are indicated

in blue and green lines, respectively, for both materials.
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and radial components of the displacements of the L2 and L6
modes at k ¼ 50 rad/mm are displayed in Fig. 7. For

dCr ¼ 15 lm, both components of the displacements of the

L2 mode [Fig. 7(a)] are large at the surface and decay

through the thickness in a similar manner to a surface wave,

whereas the L6 mode [Fig. 7(b)] is uniformly distributed

through thickness. In contrast to this, with dCr ¼ 31 lm, the

L2 mode’s [Fig. 7(c)] displacement components dominate in

the substrate, whereas the displacement components of the

L6 mode [Fig. 7(d)] are larger near the surface than in the

substrate. This explains why the latter is well detected.

B. Experimental results

LUS measurements were done on samples of M5 tubes

coated with Cr by physical vapor deposition. Destructive mea-

surements were performed on both ends of each sample using

the ball-cratering method to assess the uniformity of the protec-

tive coating. This method ensures a thickness measurement

precision of 0.8lm. Following the method described in

Sec. IIB, the dispersion was measured on Cr/M5 tubes with

15lm- and 31lm-thick Cr coatings (see Fig. 8). A Blackman

window was applied in the spatial domain before the spatio-

temporal Fourier transform. Figure 8(b) shows that for a

31lm-thick coating, the L2 mode is almost no longer mea-

sured from 45 rad/mm upwards, in benefit of higher-order

modes, as predicted in Fig. 5. For a lower coating thickness

(15lm), the L2 is the predominant surface mode up to

k¼ 70 rad/mm. These results confirm the theoretical prediction

in Sec. IVA. Lastly, to illustrate the typical fast-on-slow dis-

persion of the surface mode, a waveform is shown and dis-

cussed in Appendix D.

FIG. 6. Phase velocities of the SAW (green) and leaky (purple) modes for a

Cr layer on an infinite M5 substrate compared to the phase velocities of the

longitudinal waves in a Cr coated M5 tube plotted with color-coded observ-

abilities. dCr¼ 31 lm. All modes are calculated using the isotropic M5 stiff-

ness tensor.

FIG. 7. In-plane (uz) and out-of-plane (ur) displacements of the (a) and (c)

L2 mode, (b) and (d) L6 mode at k ¼ 50 rad/mm for (a) and (b) 15lm-thick

Cr coating and (c) and (d) 31lm-thick coating.

FIG. 8. Experimental dispersion curves for (a) 15lm and (b) 31lm-thick

Cr layers. Shear and Rayleigh velocities are indicated in blue and green

lines, respectively, for both materials.
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C. Sensitivity of measured modes to the Cr coating

The observability calculated for the Cr coated tubes

(Sec. IVA), which agrees well with the measurements,

reveals that higher-order modes can better be detected than

the L2 mode, depending on the layer thickness and fre-

quency. Therefore, for the purpose of characterization, it is

useful to evaluate the sensitivity of these higher-order

modes to Cr thickness changes. To this end, the relative

phase velocity changes DVu=Vu of the longitudinal modes

Ln—for n ¼ 2 to 7—are calculated at a fixed wavenumber

as a function of the layer thickness dCr . They are displayed

for k ¼ 40 rad/mm in Fig. 9, with color-coded observabil-

ities. It appears that the L2 mode has the highest relative

velocity change, which first increases significantly with the

Cr thickness, then reaches a plateau for dCr > 25 lm as the

observability drops. For larger thicknesses, higher-order

modes have larger observability and appear to be more sen-

sitive to thickness variations. Thus, the L2 mode is appropri-

ate to evaluate the chromium thickness up to 25 lm. At

higher frequencies, the task is much more complicated due

to the multitude of sensitive modes.

V. CONCLUSION

A study of laser generated surface waves in Cr coated M5

tubes is presented. It is shown that the dispersion and observ-

ability of the longitudinal mode L2 significantly depends on

the Cr layer. The theoretical observability curves, calculated

with a proposed simplified model, are in good qualitative

agreement with experimental results. The phase velocity of

this mode is highly sensitive to the Cr coating thickness while

remaining unaffected by variations in the M5 substrate thick-

ness. As frequency increases, the observability of the L2 drops
while those of higher-order longitudinal modes increases. This

effect, depending on the Cr layer thickness, indicates the poten-

tial of higher-order modes to characterize thicker coatings. In

addition, the coincidence between the observability domain of

the L2 mode and the SAW for a similar layer on an infinite

substrate is shown. The relation between leaky modes and the

observability domain of higher-order longitudinal modes is

also highlighted. For these observations, the experimental dis-

persion curves align well with theoretical ones calculated with

GEWtool. This study confirms the potential of non-contact

LUS techniques for the characterization of thin coatings on

nuclear fuel cladding tubes.
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APPENDIX A: M5 ALLOY ELASTIC PARAMETERS

The polycrystalline elastic tensors of the M5 uncoated

tube, obtained from x-ray diffraction measurements and esti-

mated using the Voigt and Reuss approximations, are given

below.

FIG. 9. Relative phase velocity change of longitudinal surface modes as a

function of Cr thickness for the modes Ln with n varying from 2 to 8, with

color-coded observability.

TABLE II. Bulk velocities and densities of chromium (Cr), M5, and iso-

tropized M5 materials. The minimum and maximum velocities over all
directions are given for the anisotropic M5 for the sake of reference.

q (kg/m3) VL ðm=sÞ VT ðm=sÞ

Cr 7194 6608 4005

M5 6650 Min 4642 Min 2290

Max 4744 Max 2412

M5iso 6650 4682 2351

TABLE I. Voigt, Reuss, and Hill elastic constants Cij of M5 deduced from

x-ray diffractometry and isotropic M5 constants (in GPa).

Voigt Reuss Hill Isotropic

C11 142.85 142.46 142.65 143.65

C12 70.10 70.43 70.26 71.16

C13 69.37 69.9 69.635 71.16

C22 145 143.62 144.31 143.65

C23 71.76 72.27 72.01 71.16

C33 148.18 146.08 147.13 143.65

C44 38.26 37.96 38.11 36.25

C55 34.49 34.9 34.69 36.25

C66 34.47 34.26 34.36 36.25
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APPENDIX B: GUIDED MODES IN AN M5 TUBE

Modes propagating in a tube are generally denoted

Fðm; nÞ, m being the order along the circumference, and n
the through-thickness order. The Fð0; nÞ modes have uni-

form displacement distribution along the circumference. In

isotropic media, they segregate into longitudinal modes,

denoted Ln, and torsional ones, denoted Tn. Due to the M5

anisotropy, Ln and Tn modes are coupled in our sample.

However, this coupling is very weak and has been neglected

for the computation of dispersion curves. Figure 10 shows

dispersion curves of guided modes propagating in an M5

cladding tube of 570 lm thickness and 9.5mm outer diame-

ter. The five lowest circumferential orders m are included.

For increasing orders, differences appear for small wave-

numbers near the first two cut-off frequencies; it is clear that

up to the fourth order, the modes are superimposed in the

range of frequency-wavenumber of interest in our study. For

this reason, only longitudinal modes are discussed in the

paper, as torsional ones are not measured by our system.

APPENDIX C: OBSERVABILITY CALCULATION

We define the observability O of a given mode as the

relative magnitude expected to be acquired by the measure-

ment system. For simplicity, we derive it for a plate

geometry as seen in Fig. 11. The interferometer’s output sig-

nal is proportional to the out-of-plane displacement magni-

tude juzðhÞj at the surface z ¼ h. If uðzÞ denotes the modal

displacement eigenfunction and Aðk;xÞ is the modal ampli-

tude excited by the source, the observability of mode

ðu; k;xÞ can be defined as

O ¼ jAðk;xÞjjuzðhÞj: (C1)

We further need to determine the mode’s amplitude

Aðk;xÞ from the spatiotemporal traction sðx; tÞ that is gener-
ated by the pulsed laser source. It can be regarded as a spon-

taneous thermoelastic dilatation concentrated at the surface.

This means that, neglecting thermal diffusion, the acoustic

source behaves in time as a Heaviside step function HðtÞ.
Furthermore, we consider an idealized dipole line generating

only shear tractions on the plate’s surface at z ¼ h. The unit
surface traction is then35–37

sðx; tÞ ¼ HðtÞd0ðxÞex; (C2)

where d0 denotes the x-derivative of the Dirac delta function.
With the tractions s, it is possible to compute the modal

amplitude A, thanks to the complex orthogonality relation

between waveguide modes established by Auld and Kino,40

Kino,41 and Auld.42 For a complete derivation, see

Appendix E in Ref. 41. The overall result, given in Ref. 42

by Eq. (10.134), is that the mode’s spatiotemporal axial

wave field ~aðx; tÞ is governed by

4P @x~a � ik~a½ � ¼ v�ðhÞ � sðx; tÞ; (C3)

where we use the particle velocity v ¼ �ixu and the total

average power flux P of the mode. The latter can be com-

puted given the stiffness tensor c as

P ¼
ðh
�h

1

2
jRe v� � c : ðikex þ @zezÞu

� �j dz: (C4)

From Eq. (C3), we find that the governing differential

equation for the envelope ~Aðx; tÞ ¼ ~aðx; tÞe�ikx, i.e., the part

without the harmonic modulation, is

@x ~Aðx; tÞ ¼ 1

4P
v�ðhÞ � sðx; tÞe�ikx: (C5)

Its general solution reads

~Aðx; tÞ ¼ 1

4P
v�ðhÞ �

ðx
�1

sðn; tÞe�ikn dn: (C6)

As we are interested in the amplitude outside the source

region, i.e., where s ¼ 0, we can choose x ! 1. In that

case, the integral is recognized as the Fourier transform F x

and results in a dependence on k. To obtain the frequency

dependence, we additionally perform the temporal Fourier

transform F t. This yields the amplitude in the spectral

domain

FIG. 10. Dispersion curves of the longitudinal Ln and torsional Tn guided

modes compared to those of the flexural modes Fðm; nÞ, of low circumfer-

ential orders (m¼ 1,.,4) in a 570lm-thick M5 tube. The mode families

coincide except at small wavenumbers and low frequencies.

FIG. 11. Sketch of the cross sectional plate geometry. The traction s acts on

an infinite line along y and generates the mode ðuðzÞ; k;xÞ with amplitude

A that propagates to the detection point.
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Aðk;xÞ ¼ 1

4P
v�ðhÞ � F xF tsðx; tÞ: (C7)

Finally, we insert the assumed tractions from Eq. (C2)

into Eq. (C7). The Fourier transforms of HðtÞ and d0ðxÞ exist
in the sense of distributions and are F xd

0ðxÞ ¼ ik and

p:v:F tHðtÞ ¼ �1=ix. Considering this, the modal ampli-

tude becomes

A ¼ � 1

4P

ik

ix
v�xðhÞ: (C8)

Hence, the observability [Eq. (C1)] with an ideal laser line

source is

O ¼ jkj
4P

juxðhÞjjuzðhÞj: (C9)

Note that Eq. (C7) is an exact far-field theory for surface

sources but Eq. (C9) is an approximation due to the strong

idealization of the source given in Eq. (C2). The theory

extends to axial waves in tubes and the equivalent in cylin-

drical coordinates is given in Eq. (3).

APPENDIX D: ILLUSTRATION OF THE STIFFENING
EFFECT

The M5 layer of the cladding tubes is relatively thin.

For this reason, there are many guided modes that are mea-

sured simultaneously, thanks to the large bandwidth of our

experimental setup. To visualize the fast-on-slow dispersive

surface wave, a time trace measured on the tube with a

15 lm Cr coating at a distance of 10.1mm from the source

is shown in Fig. 12(a). The signal is difficult to interpret

because the multitude of modes mostly overlaps in the tem-

poral domain. However, from Fig. 3, we know that above

8MHz, the L2 mode becomes a surface mode and the ampli-

tude of other modes is about 10 dB lower in the measure-

ments, as can be seen in Fig. 8(a). Therefore, by applying a

high-pass filter to suppress modes below 8MHz, it is possi-

ble to better visualize the contribution of the L2 mode [see

Fig. 12(b)]. The fast-on-slow dispersion effect is then

clearly seen between 4.5 and 5.5 ls.
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